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A phase shift analysis is used to obtain scattering cross sections
for incident electrons on Carbon-12 and Lithium-6. Results are given
for incident electron energies of 10-100 Mev and for scattering angles
of 45, 90 and 135 degrees A gaussian p-shell charge distribution is
used for Carbon-12, and an empirical charge distribution developed by
L R. Suelzle is used for Lithium-6. A comparison is also made between
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Many experiments on the elastic scattering of high energy electrons
from nuclei have been conducted in an effort to understand the structure
of the nuclei. That the nuclear charge distribution has finite extension
has been clearly exhibited [l, 2]. The exact form of this charge distri-
bution is not known, although many theoretical and empirical models have
been proposed. From experiments, it has been tentatively concluded that
this charge distribution peaks at the center of the nucleus, and tapers
off at the edge. This conclusion is reached using the Born approximation,
which is most accurate for light nuclei.
The fact that the Born approximation is not accurate for heavy elements
led Yennie, Ravenhall and Wilson [3] to carry out a phase shift analysis
of the scattering process. This analysis neglected the mass of the
electron, which is a good approximation for very high energy electrons.
Another phase shift analysis by Rawitscher [4] did not make this
approximation and is therefore apparently a more accurate calculation. It
is the phase shift analysis by Rawitscher which forms the basis for this
work.
The model used for this "exact" phast shift analysis is the Dirac
equation for an electron in the electrostatic potential of a static,
spherically symmetric charge distribution. The interaction of the electron
with nuclear magnetic or electric quadrupole moments, and possible nuclear
excitation is neglected in this analysis. Calculations done by Schiff [6]
using the first Born approximation suggest that the magnetic quadrupole
moment interaction is negligible at high energies, and reference [3]
suggests that the electric quadrupole moment and nuclear excitation inter-
actions are negligible except for a few particular elements at large angles,
7.

The electron scattering experiments conducted at this facility are of
relatively low energy, 20 - 100 Mev, when compared to energies available
at other linear accelerators. For this given range of energy, and for
light nuclei, the Born approximation should provide a good method for
calculation of scattering cross sections. A comparison of results, using
the Born approximation and phase shift analysis, for light nuclei is
given in Section III. The computer program which accomplishes the
desired calculations is contained herein following Appendix A. All
calculations were done on the IBM 360 computer available at this facility
The program is written in FORTRAN and comments are located in various
sections to aid in understanding.

II. METHOD OF CALCULATION
The well-known Dirac equation forms the basis of the calculations, and
it is from it that the scattered wave function is obtained by the method
of partial wave expansion [5]. As was stated earlier, the potential acting
on the electron is assumed to be entirely the result of a static
Coulomb interaction arising from a charge distribution p(r).
The program has built into it many different forms for p(r) . Those
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The second one above, (2), is an empirical form obtained from the
work of Suelzle, Yearian, and Crannell [7]. In the above forms, r is the
radial distance from the center of the nucleus. The potential inside the
charge distribution may be calculated using the expression:
-V(r) = 4nV
^
C J £e(r*)r*V + 4rr(^) £ eCr^dr1
while the potential outside the nucleus is of the form
V(r) = - Ze
2
hex
The scattering wave function, in the partial wave analysis, is
regarded as a series of eigenfunctions of the operator k, which is related
to the angular mimentum for Dirac Particles. (8). The radial wave
functions F (x) and G (x) obey the radial equations:
(£-!K + (i - v>> £k = °
9.





1 (B + l)\, F
k
= r-(E- l)\
See Appendix A for explanation of symbols and further details. The
asymptotic behavior of the F's and G's determines the phase shifts Tj from
K.
which f(8) and g(9) and finally the cross section is calculated
The integration of the above radial equations must be done numerically
The method used is outlined in reference [3] It is essentially a step-by-
step procedure based on derivatives rather than on differences, following
formulas given in reference [9].
Starting with a regular solution obtained by a power series expansion
about the origin [10], the radial equations are integrated from x = 1/1024
to a fitting radius Xq . From the Appendix, x = r t( , where /(= mcp/ft and
p = momentum/mc . At Xq , the f, (xq) and g (:^, ) are fitted to two pairs of















I, R refer to Coulomb functions which are regular (R) or irregular (I),
at the origin
The major difference in the phase-shift analysis used here and the one
developed by Yennie et al, shows up in the calculation of the phase shift
Tl, • Due to the inclusion of the rest mass of the electron in the total
k
energy, the value of the phase shift for +k values is not equal to the
phase shift of -k, and must be calculated separately.
The scattering amplitudes f(9) and g(9) are obtained from the phase
shifts and Legendre polynomials by a summation procedure found satisfactory
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in reference [3], A change in the normal summation procedure was made to
improve the convergence of the Coulomb scattering amplitude series.
The new summation procedure, that of reference [3], is designed to
transform f(9) to make it less singular at small values of 9. This is
accomplished by multiplying f(9) by a function which vanishes at 6 =
and then expanding the new function in a series of Legendre polynomials.
First, f(9) is represented by
2ikf = ^ c P (cos 9)
The mth reduced series is defined by:








A similar set of expressions exists for g(9) and can be found in
Appendix A.
A value of m = 3 was used in reference [3] and reference [4]. In this
work, a value of m = 4 was used in order to compare with referenced results
to insure the rapid convergence of the series, and to note the effect of
a change in m
.
The program was checked out by comparison with published results. The
phase shifts and coefficients of the Legendre series for the Coulomb
scattering amplitude (Table I and II respectively of Ref . [3]) were
reproduced with good accuracy. Also, cross sections for scattering from
Carbon- 12 at an incident electron energy of 60 Mev, obtained from Yale
University, were matched with good agreement The Yale results were
obtained using the same program with m = 3.
All of the calculations are done in the center-of-mass system. The
laboratory input parameters are converted to this system by the formulas
generated using the well-known transformation laws provided by the special




The results for various conditions in the electron-nucleus scattering
process are contained in Tables I - VI. All cross sections are given in
T . Tables I - IV contain the phase shift cross section and a quantity
called "Phase Shift Formfactor Squared", which is the ratio of the phase
shift cross section to the Mott point nucleus cross section. Tables V and
VI contain the phase shift cross section, the "Phase Shift Formfactor
Squared", and a quantity called "Born Formfactor Squared". The "Born
Formfactor Squared" is the ratio of the Born approximation cross section
to the Mott cross section. The incident electron energies used are 10 - 100
MeV for Tables I - IV and 10 - 150 MeV for Tables V and VI. All results





The Born form factor is a derived quantity and is related to the
Fourier transform of the charge distribution. A plot of the Born form
factor versus the transferred momentum from the electron to the nucleus
yields the radius of the nucleus by the slope of the plot near the origin.
The "Phase Shift Formfactor" does not have such a simple interpretation.
The results in Table I are for the Carbon-12 nucleus. The charge
distribution used is the gaussian p-shell model, mentioned earlier in
Section II. The parameter values used are a= 1.648f and Oi = 1.056.
The results in Table II are for the same conditions as Table I with
the exception that the value of the parameter, a, was changed to give a
10% increase in the rms radius of Carbon-12. This new value is a = 1.813f.
The value of a was not changed.
From the results, this change in tie value of the parameter, a, produced
a percentage change in the phase shift cross section ranging from 0.06% at
10 MeV to 6% at 100 MeV, for a scattering angle of 45°.
12.

Table III contains results for scattering from the Lithium-6 nucleus.
The charge distribution used is the empirical form developed by Suelzle,
and was also mentioned earlier in Section II. The parametric values used
were a
2
= 0.87f, b2 = 1.70f, and c2 = 0.205f.
The results of Table IV are for the same conditions as Table III
with the exception that the value of the parameter, a, was changed to
give a 107o increase in the rms radius of Lithium-6. The new value is
a = 1.195r . Approximately the same percentage change in the phase
shift cross section was observed here as for Carbon- 12.
Tables V and VI contain results for the same conditions as Tables I
and III, with the addition of the quantity Born Formfactor Squared. The
expressions used for the calculations of the Born Formfactor are:
For Carbon- 12, from reference [13]
F(q2 ) = [1 - Qfa2 q





where a and a are the same parameters used in Table I and q is the
momentum transfer.
For Lithium-6, from reference [7]






exp( - b2 q
2
)
where a , b , and c are the same parameters used in Table III.
While the same parameters for the given charge distribution were used
in Tables V and VI, as compared to I and II, there was a change made in the
value of the fitting radius used for the two cases. In the numerical
integration routine used, integration is from the origin out to Xq , where,
as was mentioned earlier, Xq = TQf(. Since % is a function of the momentum,
and hence the incident energy of the electron, an increase in the energy
will cause an increase in the value of Xq . The step size, or spacing
between points where step-by-step integration is done, is a fixed parameter.
Thus, for given storage space in the computer, there exists an energy at
13.

which all storage will be utilized prior to reaching x in the integration
process. For high energies, this problem can be alleviated by lowering
the value of r , the fitting radius in fermi's.
To circumvent this storage problem inherent in using energies
above 100 MeV, a fitting radius value of 8. Of was used for all calculations
in Tables V and VI, compared to a value of 10.0 used for calculations
in Tables I, II, III, and IV. The effect of this change in fitting
radius value can be seen by comparison of the phase shift cross section
results between Tables I and V, or between Tables III and VI. Also
shown in Figure 1, is a plot of the difference between the "Phase Shift
Formfactor Squared" and the "Born Formfactor Squared", labeled as





The "exact" phase shift analysis provides a means for comparison of
theoretical results with experimental data. To uniquely find a charge
distribution which fits all experimental data requires more calculations
than are given here. The value of the phase-shift analysis lies in its
applicability to any scattering situation, being restricted only by the
numerical methods used. Many more charge distributions could, and
should, be used to compare results with those given here.
A comparison of the results obtained using the phase shift analysis
and the Born approximation can be made from the values of "Phase Shift
Formfactor Squared" and "Born Formfactor Squared", since both of the
quantities represent the respective cross-sections divided by the Mott
cross-section. Agreement between these results is good at small angle
scattering for all energies considered. Deviation between the two
occurs for large angle scattering at energies above 150 Mev. While the
exact cause for this deviation is not known, it is believed to be due
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Incident electron energy = E
in Degrees Phase Shift Phase Shift Born
Cross Section Formfactor Squared Formfactor Squared
E = 10 MeV
45 7.6990 1.0311 0.99713
90 0.39459 1.0500 0.99023
135 0.040231 1.0525 0.98344
E = 20 MeV
45 1.9073 1.0262 0.98854
90 0.094906 1.0168 0.96153
135 0.0093720 0.99715 0.93527
E = 30 MeV
45 0.83967 1.83967 0.97444
90 0.039964 0.96554 0.91544
135 0.0037755 0.90803 0.86007
E = 40 MeV
45 0.46130 0.99455 0.95501
90 0.020922 0.89544 0.85460
135 0.0018594 0.79700 0.76472
E = 50 MeV
45 0.28774 0.96971 0.93958
90 0.012161 0.81806 0.78205
135 0.0010189 0.68378 0.65708
E = 60 MeV
45 0.19110 0.92761 0.90156
90 0.007195 0.72906 0.70152
135 0.00057588 0.55747 0.54537
E = 70 MeV
45 0.13546 0.89522 0.86835
90 0.0047951 0.63338 0.61663
135 0.00032714 0.43176 0.43680
E = 80 MeV
45 0.099336 0.85770 0.83149
90 0.0031078 0.53666 0.53104
135 0.00018924 0.32675 0.33726
E - 90 MeV ,
45 0.074312 0.81233 0.79159
90 0.0020247 0.44292 0.44767





Incident Electron Energy = E
in Degrees Phase Shift Phase Shift Born
Cross Section Formfactor Squared Formfactor Squared
E = 100 MeV
45 0.057197 0.77214 0.74914
90 0.0013247 0.35812 0.36938
135 0.000060509 0.16378 0.17892
E = 150 MeV
45 0.017031 0.51795 0.51978
90 0.00015640 0.095549 0.09931





Incident Electron Energy = E
in Degxrees Phase Shift Phase Shift Born
Cross Section Formfactor Squared Formfactor Squared
E = 10 MeV
45 1.9056 1.0206 0.99679
90 0.095424 1.0160 0.98908
135 0.0097111 1.0172 0.98146
E = 20 MeV
45 0.46560 1.0024 0.98719
90 0.022952 0.98521 0.95712
135 0.0022579 0.96370 0.92817
E = 30 MeV
45 0.20424 0.99083 0.97138
90 0.0095998 0.93005 0.90645
135 0.00089803 0.86773 0.84682
E = 40 MeV
45 0.10880 0.93908 0.94985
90 0.0050181 0.86614 0.84075
135 0.00044916 0.77469 0.74646
E = 50 MeV
45 0.070242 0.04801 0.92291
90 0.0029116 0.78685 0.76421
135 0.00024328 0.65802 0.63964
E = 60 MeV
45 0.046778 0.90962 0.89118
90 0.0017999 0.70170 0.68125
135 0.00013537 0.52899 0.52724
E = 70 MeV
45 0.03328 0.88262 0.85527
90 0.0011456 0.60903 0.59617
135 0.000078033 0.41641 0.42424
E = 80 MeV
45 0.024143 0.83550 0.81587
90 0.00074133 0.51568 0.51267
135 0.000044886 0.31384 0.33253
E = 90 MeV
45 0.018326 0.80308 0.77375
90 0.00048518 0.42790 0.43357





Incident Electron Energy = E
in Degrees Phase Shift Phase Shift Born
Cross Section Formfactor Squared Formfactor Squared
E = 100 MeV
45 0.013904 0.75263 0.72951
90 0.00031586 0.34454 0.36096
135 0.000015852 0.17429 0.19003
E = 150 MeV
45 0.0039987 0.48824 0.50086
90 0.000049157 0.12171 0.11665














The notations and method of calculation used are those of Rawitscher [4],
and are shown here for convenience:
The following notation is used,
E = total energy /mc




B = v/c = p/E
Y = <*/P
y' = (i - b2 )
%
s = + (k - or) 2 for regular solutions, denoted by superscript R,
s,
=
" (k - or) 2 for irregular solutions, denoted by superscript I,
/(= mcp/h
r radial distance from center of nucleus




k = angluar momentum quantum number + 1, +2,









1 (E - 1)*^ (la)
obey the radial equations
(d/dx - k/x)g
k








Vl = HE - l)/p", v2 = i(E + l)/p% (3
and where § is the Coulomb potential energy in units of mc . For the
example of a point nucleus, $/p = - Q//x.
The phase shifts TL are defined in the usual manner [5] by the
28.










sin [x - |k| n/2 + \] , k <




T| and the matching coefficients (D/C) from
sin T? + (D/C) sin T]1
tan \ = 1 * k (5a)
cos if + (D/C), cos TLk k k
The Coulomb phase shifts are given by
Tl*>
X
= (X + Y)*' 1 (6a)
X = (k - 1 - s
k
) n/2 - arg T(s + 1 + iY ), k >
X
k
- X , kl+ n/2 k<0
(7a)
For the sake of clarity the superscripts R and I have been omitted in the
above equation. The value of the argument of T is calculated by means of
Stirling's approximation [12]. The value of Y is given in expression
below, valid for both signs of k:
sin Y, =
k
k[k (k + s
k)
+ Y ' (Y' " Y)l
%/(|k| |k - iY '| 2%)
cos Y
fc
« [k (k - s
k )
+ Y ' (Y' +Y)]%/(U - iY'l 2%)
(8a)
The matching coefficients (D/C) are obtained in terms of the radial wave
functions evaluated at x :





Here g and f are the solutions of Eqs . (2a) and the primed quantities are
R I _R I
















1 and f ' are given by the series expansion [3]
g'=Yax\ f=Ybxm (11a)Z_imo £j m o
= [- (Y " Y*)am . - (s +m + k)b ]/[m(m + 2s.)],am
(12a)









In Eq . (12a) the superscripts R and I and the subscripts k have been
omitted for the sake of clarity.
The normalization coefficients N are obtained by comparing the G and
F of Eq. (10a) with those given in terms of the hypergeometric functions [5],
R I s ttv/2 Tk(k + S k ) + Y'(y' - Y)n%
N
j
= - (k/ k )2
S
knY/ * s 1 '
k e L 2(k2 + Y ')
|r<s
k




















) +Y'(Y' " Y)]/[k(k - pk) + Y '(Y' - Y)l}
pk-K 1 -
Finally, the scatterin amplitudes [5] f(9) and g(9), from which the
cross section 6 (9) is obtained, are given in terms of the Legendre poly-
nomials P (cos9) as
















= [(k + l)(k + 2)a
k+i




a, = e - k - e
k
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